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gol, The Fourier sin (M
2 (Ax) fit) _ 1 [~ cos ox + o sin ox £
rslﬂ -E ;[;L f(e) sin {J.,rldr+rﬂﬂsm(}u)d‘]dl ek o da  (Replacing A by a)
L' gin (Ax cosxai-usinxud S g. . iif %<0
df dA [on subst; = o 1+a? =R - ne  , if x>0
2r sin ()J-']J‘ sin (M) Stltuﬁnaforﬂ * oS X0 + O 5in xa n
) When x = 0, J = da = 5 do = [tan a] =
coe{.lﬂ B 0 1+ 0 1+ a? T2
=_f.J:siufM) 0 0 , ifx<0
COo8 x(t + ¢ Sin x0¢ -
Lﬂ@-@m(hidl o*ﬁ#““’ g « Hx=0
" A xne™, ifx>0
2azcostmh) gy ) dA
f=3 A EXERCISE 2.1
E for 0<x<m
L_l M(ﬂ};int’xlltﬂ"‘ﬂ")’ L i Using Fourier integral representation, show that (I — 9):
= A have “Asinxd R ok J‘o"cosm L
A”“'mhwmwfdumunmtyofﬂx) we ha L ) Fa =3¢ 520450 2. | 1,07 dw=3 %220
ﬂx?="[f(“ 0)+f{11+03]=-(1+0)‘_ s J"‘smu&sl;)x.\dl "mnx, when 0<zx<n
iy (1) ® T 40 1-X 0 , when =x>=n
L'I-T( mmnﬂ:i{;)_? cos Ax R g Lok | . ifx>0
m,pus_ugjngﬁ‘m'rlmegmlmpmmn'ou, show that: 4. J:mdls—zge ,a>0, x20. G-J; - Hr diss roms. Szl
0 , ifx<0 =T .33 x
cosxa+asinxa , | ap 6. { Jsinl:di\.s—'e“cosx. ifx>0.
[ —doe=ig . FEnl (M.D.U. Dec. 2009 NPy -
re™*, if x>0
Sol. Fourier Integral for cos 2 cmds | |gems. i xl<g AsinAs __ , _n wﬂ-e—ﬂ'}
- orL B, (T P i B )
0, if x<0 . J: 1-x = A2 + «?)a% + p?) 2| pZ-a
’w={¢"' if x>0 o
4 9. Find Fourier sine integral representation of
1
= 0, O<x<1
Kff_ﬂt)wsw-x)didl ﬂx)={k. l<x<2
0, x>2

where & is a constant.

Find the Fourier integral representation for the following functions:

1 0
=;f([_f(f)ML(f*IJdi+J:f(t)msl{t-—x)dt] dir o

'-lr[ i Oml(t—x)dt+1-9“ coal(t—-x]dt]dl
R0 [d-w 0 |x|<a

n
< 1!
cos x, |x| n (;‘j)ﬂx)={ol |-'|>°’-

|x|>n

() flx) = {

(i) flx)=e 1l ~m<x <o,

='$L-J:e"mslf!-x)d:dl

S g IS
nf““‘lﬂa {‘m-‘-ﬂ—xhlsinl(t—x)}] dA
0

..—I €08 Ax + A sin Ax

S
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Answers

o g}ﬂgg}_:fﬂizi}.mhda

. 2 si.nhu:l:ual?u.rdl
{u)ﬂx)=;“:"_'l

S
10. umz1=_|:—'*—l_,; -t

2 1 :
(iii) fix) = ;J:mi cos Jx dh.

2.5. FOURIER TRANSFORMS AND INVERSION FORMULAE L

(1) Fourier sine transform and its inversion formula
2= .
. : _ e il
Fourier sine integral is flx) = = L sin Ax J:f (t) sin dh

2 i 2
Replacing A by s, we get fix) = ;J: sin sx Ef(t)smstdtds
Denoting the value of the inner integral by F(s), we have

fix) = er,cs)sinsxda 1)
S0

where F(s) = J;-f (x) sin sx dx -‘.(%}

The function F.(s) as defined by equation (2) is known as the Fourier sine transform
of fix)in 0 <x < eo.

The function fix) as defined by equation (1) is called the inverse Fourier sine trans-
form of F,(s). Thus equation (1) gives the inversion formula for the Fourier sine transform,

Note. Some authors write the above formulae as:

2 ;
F(s)or F, {flx)l = J;_J: fix) sin sx dx

2
and flx) = J; .': F,(s) sin sx ds

(2) Fourier cosine transform and its inversion formula (Anna 2007)
Fourier cosine integral is flx) = %J: €08 Ax L“f(t)oos).ta‘tdl
i 2
Replacing A by s, we get flx) = ;L- co8 sx J:f(t) cos st dt ds
Denoting the value of the inner integral by F,(s), we have
2
fix) = = J;- F(s) cos sx ds .3
where F(s) =
8 J: fix) cos sx dx 0)
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The function F (s) as defined b i i :
o) i D<E g y equation (4) is known as the Fourier cosine trans-

The function fix) as defined by equation (3) is called the inverse Fourier cosine trans-
form of F (s). Thus equation (3) gives the inversion formula for the Fourier cosine transform.

Note. Some authors write the above formulae as:

9 peo
F(s) F, = .-
{s) or F_IAx) ‘/u-[o [ {x) cos sx dx

‘2
and Ax)= 4|— r F (s) cos ax ds
n Jo

(3) Complex Fourier transform and its inversion formula (Anna 2007)
i : 1§ i ine -
Complex form of Fourier integral is flx) = — r e r flt)e™ dtda
21 d- e
. L™ i ist
Replacing A by s, we get fx) = —j' e J" fit)e™ deds
2n - —
Denoting the value of the inner integral by F(s), we have
1 = L
- ~isx
fior= 5 [ Fo)emds .A5)
where F(s) = j’fu) e dx ..48)

The function F(s) as defined by equation (6) is known as the Fourier transform of flx).

The function fix) as defined by equation (5) is called the inverse Fourier transform of
F(s). Thus equation (5) gives the inversion formula for the Fourier transform.

Note. Some authors write the above formulae as:

F{a}:i_r Flx) & dx
= BB

and ﬂﬂ=ﬁ[ﬂ F(s) e ds

(4) Finite Fourier sine transform and its inversion formula
The finite Fourier sine transform of fix) in 0 < x < ¢ is defined as
. nmx
F'(n) = J: f(x)sin de

where = is an integer.
The function flx) is then called the inverse finite Fourier sine transform of F (n)
and is given by

2 ., nmx
ﬂ:):-gz F,(n)sin——.

n=1
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its inversion formula

: ine transform and
te Fourier cost fﬂ,)ino(xd:cisdeﬁﬂedﬂs

(5) Fini
The finite Fourier cosine transform 0

nnx
F,(n) = ]: f(x) cos ——dx

where n is an integer.

The function flx) is then
and is given by

called the inverse finite Fourier cosine transform of F (n)

- nnx
fix) = lmon%z F.(n)cos=—-
c

nsl

ILLUSTRATIVE EXAMPLES

= x sin mx
Example 1. Find the Fourier sine transform of ¢! * | . Hence evaluate _L T

dx.

(V.T.U., 2007)

Sol. In the interval (0, =), x is positive so thate™!* | = ¢ . Fourier sine transform of
flx) = e* is given by

F,(fx)} = J:ﬂx)sinaxd:- J:e“sin sx dx

eq[ i scossx)| = g
= l+32 — 8511 §X g = 1+82

Using inversion formula for Fourier sine transform, we get

2 2 T
= — i = - _— ds
fix) ﬂ'.'-,;- Fiw)snsxds, o €= nto 1+.1:zsmam

2 2 5 . 2 [~ xsinmx
Re by m, we have e™ = — di== | =—F &
placing x by m, we have = J:hsz sin ms - J;- T2l

Hencs, L'xsinmdr=£e_“.

1+x° 2
Example 2. Find the Fourier sine transform of
for 0<x<l

X,
fix)=42-x, for 1<x<2.
0, for x>2

Sol. Fourier transform of fx) is

F,(fx)) = J:f(.tlsinardx

FOURIER TRANSFORMS

1 ’ 2
= L f(x)sin sx dx +'[lf{xlsinsxdx+£f{x)sinudz

— €08 8x
= {x,— -
8

. 2 -
=J xsmsxdnj' tz-zmnsxd“f 0dx
1 2

F |

8

cOss _ sing i i
[_ & ]+[_Bln28+coes+sms)
8

\ g2 8? s 5%

2sins-sin2s _2sins-2sinscoss _ 2sins(l-coss)

2
s sx '2

]

Example 3. Find the Fourier sine transform of . .
x

-ax

Sol. Fourier sine transform of flx) = <— is
F 1

F o) = [ Fx)sin sx de

e—ﬂ!
=]" sinsxdx=1  (say)
0 x

Differentiating w.r.t. s, we have
dl J|e™ .
E—Io. g[——'x Smﬂ}dx
-ax
= r S xcossxdx =J-e"‘” cos sx dx
0 x 0

e : B
=|——3 (- a cos sx + s sin sx)

a +5

L
a*+s” s* +a’

Integrating w.r.t. s, we get

=0-

k]
I=tan? = +c¢
a

s:{],from(l},[*ﬂ
0=0+¢c = c=0

Now, when
Fh!ln {2)!

-ax
il = F T} ctant <.
I =tan " or I, - a

. 1
=81n - —-gi
1. ﬂ} +{(2_;]_ mssx_(_l)_ 8N §x
0 &

;

(P.T.U. 2006; M.D.U. 2005)

-.-(1)

.(2)
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Example 4. Find Fourier sine transform of W_} ;

1 : When §=0, from (2), _z% =1li_l_um_I x] o
Sol. Fourier sine transform of flx) = ———5 1 a a), "2
x(x*+a”) a
From (4), e .
. ds s
F,fx)} = rf(x}smsxdx
o S (lCI —ﬂcz = _u,._
i 2a
sin sx
=| ———=dx=1 (say) ...
-I: x(z? +a?) n or €y =ty — —2—:7 =0
Differentiating w.r.t. s, we have . ..(6)
ﬂ_r xcossx . [7 COSSX Solving (3) and 6), ¢, =0, ¢,=- -2—:—2
ds Jo x(x*+a%) o x%+a’ -(2)
. _ m
Differentiating again w.r.t. s, we have 1y = —— L -2%
d’l = -xsinsc - x2sin sx n
—_—dr = % or F = —_— -
ds Ja x2 +a? J: x(x? +a?) A 2q? (=€
" [a® - (x? +a®))sin sx i J" sin sx sinsx Example 5. Find the Fourier sine transform orl_
0 x(x%+a?) 0 x(x?+a? =
... Sol. Fourier sine transform of% is given by
2
= {D"‘—ag}l':—f. where D=% ( ] J:—ams-.tdx

(-]

. =t 2 -
Its AE. is DE-a?=0 whence D=ta Putting sx =0 1i.e, x— —, we have
C.F.=ce™ +cpe™

1l (&) & 1 .-.m =x 1 n ( J g
P—'-=—‘D=_a=( 2)' 2D -a 2 g% 2a? gumes-f 553
ruE i Example 6. Find the Fourier sine and cosine transforms of x* !, n > 0.
=LF +LFL (M.D.U. Dec. 2011: Madras, 2006)
n Sol. We know that
= I=ce®+ce™+ r (3
u F, (x*1) = J- ! gin sx dx A1)
5 =ac,e*-ac, e™ ...(4)
and F(™Y) = r "1 cos sx dx 2
When §=0, from (1),I1=0 ¢ | * =
o n
From (3), I—c1+c,+g§- Now T(ra):I:e" t""ldt. n>0

e e+ _"2_ -0 e Putting ¢ = ax, a > 0, we have
s -ax n-1 = ah -ax _n-1
I'(n) = Le (ax)" ‘adx=a Le " dx



Vel e = =

T(n) C(n)
= E(mssx -isinsx)z" ldx= (‘IE) L T s"

] "

[ E-;sin ] I‘(u]
™ 2] P

( nx .. nﬂ][‘{n)
COB — — 1 8In
2 2
Equating real and imaginary parts on both sides, we get
J-xn—l m&td:= r‘.n) mﬂ
0 s" 2
and L—x' lsmﬂd!lgig‘sm-";ﬁ
g
From (1), F &"-1)-”"’ sin %
and from (2), 5 ‘}—-ll"-!msﬂg:E
Note. Taking u-;,weget
1
(3)
£ 3 e
F - —_— =
'[I:'] s L 7:-' 2 &

() B

Example 7. Find the Fourier cosine transform of e~ . (Rajasthan 2006)
Sol. Fourier cosine transform of ¢ *" is given by

Bt b= [ ¢ conaxdea(oay) )

FOURIER TRANSFORMS
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" Differentiating w.r.t. s, we have
dl

—
= -

s 1
= L-xe msxdtuaf:(sinul(—he"!)dx

SR —

(Integrating by parts)

a 2
==—| e T cossxdr=-21
2]: 2

a _ s
1 =-—ds

[~

- ]
lntegmﬁng,weMelogI-~'T+lqA or I=Ae ¢ (2)

Now when s = 0, from (1), I = :""dxni;’-t-
From (2), %a)\
‘l
Hence 1=F'cle"l!= %e 4
Note. lsj:,-s‘d, Put 2=t ie, x=Jf

“Lige-ifmea-ir)-5

Example 8. Find the Fourier cosine transform of

cosx , O<x<a
fix) = { , Xz2a

Sol. Fourier cosine transform of fx) is

F{flx)) = Eﬂ:)maxdx=£f(x)cosnxdx+[: f(x) cos sx dx
= j: cos x cos ax dx +J: 0dx=121: 2cosx cossxdx + 0

= lj: {cos (1 +8)x + cos(1-s)x]dx
2

1[sin(1+skx  sin@-skx | 1 sin{1+sh+s'm(1—s)all
2| 1+s 1-s 2| 1l+s 1-s
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1
Example 9. Find the Fourier cosine transform of f(x) = Tt

1
Hence derive Fourier sine transform of ¢ (x) = TR

_._-—-]s

Sol. Fourier cosine transform of fix) = 3

1+x
CO8 8%
= —_— =1 {say) (1
F {f()) Tyt )}
Differentiating w.r.t. 8, we have
- x 8in 8% x smu
dx=
dl 1+x° r:(l-rs’]
I1-(1+x‘)]ainn: l: sin 8% d: rmud:
5 2(1+x%) 21 +x%)
sin sx _n
b Z1+xD) | 2 @
Differentiating again w.r.t. s, we have
2
d_:= ___“”":‘ do.m “":d;=]
ds z(1+x°) 1+x
d
= (D’—-l)[=0. where D:z
Its AE. is D?-1=0 whence D=zx1
: [=ce'+ e .9
dl-
ds =c,ef - et (4
dx £ n
When = tan™! =—
’ j:l-l-: [ x[ 2
From(3), l=¢ +¢,
n
Qtg=3 .05
di =
When =0, from —=——
@ % 3
dl
Fron(‘l) £=‘1“'s
C = !
176 -2 .6

FOURIER TRANSFORMS
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Solving ®) and @, ¢,=0, ¢,=3

n
X [=3¢" = Fyw=je
Putting the values of ¢, and c, in (4)

da__=
- 2%
[ sin sx n
From(2), -—e’'=| ——dx-—
2 0 x(1u’}dz 2
__f'd'=- 1-
= x(1+x%) Lk
= Flowi= 2 (-,
Note. In example 9 above, we have proved that
co8 &X K i
-E_:tl-i- dx=—2-¢
Differentiating w.r.t. 8, we get

[a(Es)e-ie

— x 8in ax “
- 142 T o

x ,
= Km’!ﬁl“dx:;s

= Flw@)} = % -

= Fourier sine transform of —— is ~¢*.
1422 2

Example 10. Find the Fourier transform of
ra={s

|x|<a
|x|>a

Hence evaluate

ﬂnu.w.u: d.

®

@ [) % s

where y(x) = l:x’

(M.D.U. May 2011 ; Anna 2007)

- |
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Sol. Fourier transform of flx) is given by = N
fex
Fiflx)] = f(x)e™ dx | .
[.- Puttingx =0, 1:3“:“'&:{'2-- a>0
: . e 5
=I-¢ f(.:)e“‘dt+r f(:)e"""'+£f(:}e"“‘dx a<
- -3 .
Putting g = 1, j:s":'du%
gj-ﬂﬂ.e"‘dx-rr l.e‘“dt+r0.e"‘dt _
- -a a s ‘E-sllltdx=£
x 2
g ﬁ. ,‘i“-‘_h' Example 11. Find the Fourier transfor. o) = I1-x%, if |x|<1
s | . is m. of f{: _{ o A e
: xcosx —sinx x
=3(ea‘- -¢'in]=23in¢u - anduselttoewluatej: [_x" ]mEd"'
8 % =

(M.D.U. May 2006, Dec. 2006, Dec. 2007, Dec. 2010; Anna, 2006, 2007;
V.T.U., 2006)
For s = 0, we find F{flx)} = 2a

Sol. Fourier transform of f{x) is given by
By inversion formula for Fourier transform, we have

flx) = — ‘ Flfix).e" " ds
2n /o=

= | poredx s j_'i Flx e dx + [[1x) e dx

= E 0dx +.[11 (1—:2)8""0':%-]:041:

=—-1-— ———2aina..¢-hds
2nd-= 8

1 smm(mssx—isinu}da
= — sx iex L=x
wes y = [-21). - (- 20) S+ (-2) 5
. : . . 8 (is) sy |,
=_1_r smascosud‘_ir sin assin sx ,
M- 8§ Ri-m= 8 = [—-%—{e“ +¢'“)+%(¢" _e-h)]
1~ sinascossx ., ’ =
n - 8 . —i[eu+eh]+i[eh_e-u
[Second integral vanishes since the integrand is an odd function of s s? 2 & 2i
s ) §
. f.. s1n sm“¢=ﬂf(x)={g: ’:ll:: ".(1] =4 [_ a::'.._;n%_s_] ) s_a (Smﬂs-sins) .
Since the integrand in (1) is an even function of s, we have By inversion formula for Fourier transform, we have
sinascossr . [n, |x|<a e B —iax ‘
2[-—-—-—-—-——’ ds = 10, [z|>a f(x) 2’tj_ml’lf(::c)l.e ds
- smascasnd‘={#2, |x|<a o [’m’;ms](msx-ismsx)ds
s 0, |[x|>a ; nd- s
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Gt o =] I ) 8in gx g, By inversion formula for Fourier cosine transform, we have
2
o [lmn-lins] cos ax ds f(:}=-;j:l?,(p)mpxdp
nJo P
(Bmmﬂwmugnndintheﬁutlntegnlhmandﬂmtinthamdmmuw ';[L F.(P}mpudp+rl|;(p)mp:dp]
A . 2 s
= E[nm:’—ma]m“d‘=_%ﬂx)=l-%u_;’), if |x) <1 l—[ln(l-p]myxdp+£0dp] (Integrating by parts)
0, if |x{>1 2 . —mﬂm’ 2 cosx 1] 2Al-cosx)
1 : -Ho-p BBy 22 e
Putting «x E.wehave L‘(:man;m:]“%d‘=“%(l_%]’__:_: 1 21 - cosx)
: Deduction. Since [ f(x) cos px dx = {‘ P °";‘;S , where flx) = >
xco8x—sinx 3=
Hence (—'—_] "‘df='“—_ 2(1-cosx 1-p, 0sps<1
.E x° 16 ;L[ 3 ]mpxd.t::{ b
Example 12. Find the inverse Fourier transform of F(s) = eI, =
Bol. The inverse Fourier transform of F(s) = e-/*1” is given 2
1 i When p =0, we have EI:I'?"‘ =1 or L' 2
fix) —KJ:_F‘(s)e"'“ds=—r -y g-iex gy o 2
Py Ecimiarioonlalion [0S
i{f e"".e""d:+£e"’.e""da] 2= ™ ‘E e 2
2 Example 14. Find the finite Fourier sine transform of
-—l-[fo e""“’da+£e“"’”’""da] &x. os:si
=2 |)-- o =1 5.t ¥
ﬂ(!—:x). is:s!
1 [[eo-= 0 ety +in )" l 2
=— - + - Sol. Finite Fourier sine transform of ix)in0<x<lis
2n|| y-ix | |-(r+ix)
Fn)= j: f(x)sinn—dz
S5 v ]
|y—ix y+ix| 2n(y'+x’ -r'f{;}m-—dx+j: ) in 2=
I
. A 12k . nmx
'(y’.'.z’)' '-ru —i—medx+L —!—“ —-x)sin f d!
Example 18. Solve the uation |1-p 0spsl 2% (2
integral eq fﬂwmpxdx- 0, p>1 -fo —-d.x+—L (1-x)sin =
73
Hence deduce that St =t KUK 200
t b =3 (
Sol. Here [f(x)mp,d,q;(p)
1-p, 0<p<1
F(p)-{ gl

(Integrating by parts)
]
o] Py B

1. i
nx

F L

¥




an [
%[’imﬂ*ﬂsmﬂf T %nm?+n2ngsmfé’!]
=T 2
2k ﬁimf—E:%sm%
] T'“zu,g | m':e ;'oun'er cosine transform of
Example 15. Find the fi ;
ﬂx):[f‘%] ,0SxX<T,
Sol. Finite Fourier cosine transform of fx)in0 SxsSWIs

2
2 x
x nmx = 1...-] cosrerx
FrInJ=Lf{"'°°3—;—dx L[ n

H"i]s sanu_z[l_gl[_l],;ogs;x,
= al B n n n
= __2__ when n # 0.

mn

2
n x
1£n =0, then F,(0) = | [1-;] as

(2]

untesl'ﬂting by -

A

[ co8 = |

: -g-(o-n=§
ae(-2)
L 0
Bl 88
Fr(ni=4“:
5, ifn=0.
Example 16. Find fiz), ifF_fn}:I—-g—;ﬂ,whereOSx <n
n
Sol. Here F,(n) = 1= °%8A%

u2n3

is th: finite Fourier sine transform of flx) in 0 S <%

fx) = inverse finite Fourier sine transform of F,(n)

=‘f‘i F,(n)sin 2% . 25: (I-MM
n=l

2.2

. n nn

n=1

L Rz} flz LAY,

]sinnx (-» herec=!

@HIEH TRANSFORMS 2
— EXERCISE 2.2
1. Find the Fourier sine and cosine transform of the function fix) = ¢* and hence show that
x sin mx n
KRR e S cos e
I: T 2¢  and J:__f'h:“ d.::%e , (Anna, 2006)
2, Find the Fourier sine transform of
sinx, O<x<a 0, 0sx<a
Wwhx =1 o x>a Gi)flry = {*+ a<x<b
” 0, =x>b
(Anna, 2007)
8. Find the Fourier cosine transform of
xl
@fx)=e*+e x>0 (@) fix) = ¢ 2
(M.D.U. May, 2006)
x, for 0<x<1
(iii) Ax) = {2-x, for 1<x<2 (iv) fix) = 265, 4 B>
0, for x>2
(J.N.T.U. 2006)
x, Dexc % 5
W) fix)=4{1-x, %-cx-cl (Ui)[l"i) (P.T.U. 2006)
0, x>1
4. Find the Fourier sine and cosine transforms of
1, for O<x<a i
WAx)=1p, for x2a () flx) =e™,a >0
[Note. Remember the results of Q. 4]
5. Find the Fourier transforms of the following functions:

x, |x|<a

(1) flx) = {0. |x|>a
(iii) flx) = e-1!

, a<x<b

ei.h
0, x<aandx>b

() fix) = {

) 1 for |x|<1
(. (t)ﬁndthefomiermﬁomnfﬂx)'{o for|x|>1

Hence evaluate J"nnx dx .
0o x

(ii) Find the Fourier transform of the function

l+£. for-a<x<0
a

fix)= 1—£,for O<x<ao
o,c otherwise

(i) fix) = {x2 , |xl<a

0, |x|>a

11

(W) fix)=e 2, ,-co<x<on

(KUK Dec. 2010; M.D.U. May 2007)
0, =x<a

(vi) lx) = [1. a<x<P

0, =x>Pf

(K. U.K 2009; Madras 2006; V.T.U. 2006)
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(i) Pind the Pourier transform of the fanetion FOURR =
for -2<t 1 13. Salve the following integral equations:
l -—2<i<-
1, 0st<]
fi= 2 , for-1<t<1 o | fx)sintxdx =12, 15t<2 2006)
,for 1<t<2 ,[,- o ¢23 (MDU May
0. otherwise
(i) J:fm cwalxdr=e* A>0 (M.D.U. Dec. 2011; Anna 2007)

1 Uiumrouhﬁmmﬂﬂdﬂl)if

1 2 A
OFM = T (MD.U. 2009) YR = ——5. _ i
1+22 i) 'Ef(x)mh-dx-{ o .- 0:;:1 v rﬂx)mkzo&:t A -
[ 8 ﬁnﬂﬁlﬂﬂih?ﬂmﬁlﬁnﬂdﬂhﬂWﬂﬁlmm +k
(fix)=2r,0SxS4 (i) fx)=x(l -x), 0 x <1 Answers
1[sin(1-sa sin(1 » ok
(i) Ax) = 23,052 S2 uuw)-c[l-y].os:s: 3. (-);["“1_.' -'""1:""'] (m'“"'l"""""«f‘""*',“'“
x S
ke, 0sSzs3 s (;)—-,—3" @) JZe 2
W fx)= - : +b6s” + 2
“ﬂ-l). iszsﬂ (""l')zu”.{l coa 8) (‘.v) o 1 1
* i +
8. Find the finite Fourier sine transform of the following functions: od 22 'iﬂ]
1
& dzeek (v);!'[z“‘%"'“") (ui)é
) fix)=conx, 0SxSH =13 . 3 E :
2Ls S<zim e O 1-cosas sinas o 3 a
If fiz) = sin kx, where and tive : :m « Pl
10. ) = sin Ax, 0sxs<nm & is a posi intager, show
b, Mk 5. mz.(_.—-,—"”" “"""") (m%[(aw_m.i“”gmm,.,
F(n)= {!- ifn=hk" ”
v @ fome T
11. Find the finite Fourier cosine transform of the following functions: hode _ Jbrah z
4| +8) i . 2
ks . 0Srs+ v ““’[ ] (“):um_'w’
()fix) = sinz, 0SS (i) fx) = 2 2sins X . .
Ki-1), %st! & By iy ) —5{1-wsas)
18. Find flx), if (m) I‘lnl'(l+2ms)
I— — -_._ i — 2 s
(i) F,(n) gin? = ,0sx5s! i) F (n) sin 2% 3 ,05z5x 7 (')ﬂx)=;t“ IE @ =
= a’ 32 32(-1" 32[( l)" 1
(i) F(n) 1;,.u-a.u.mm.asaes: s m—;mnn - =g FO=16
unrm-imTwr(o)-u.wmosxsz (u)vu -(- D'"-WR 1)"+u.r«n=—
5 (ii) (-0~ lJ——(—lJ". -1V FO=2
(ﬂ)rt(l)--wﬂému) and F.(0)= %-'M""SSI _i;f ::'lt2 3
(iv) —.ﬁ[l—(-ll"l. (0)=—

x
cos | —
(u'ar,w-_.(.L) % onn k __h’
=i ,where0sr<1. ) n’mT;?[zmT'( 1 -1{,F(0)=
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9. (i) ——MN+(-1") (i) —7 %in 3
T g 17| B0 = 2
1 '’ (i) <3 [2.“—--1 ], LA
n -y e 1), F(0) =2 - ;
- 2% 1 . nm .
45 1 p?2 B8 gin 2 G fx) = =Y —5sin —sin nx
12. (ilﬂx)-;zl ~ sin? Zsin = i) fix n?;{ —sin g
= dex- 1 . nma __ nnx
‘“2 . i n_n_ = —— -nn—-—-ms_
{iu}ﬂx)ﬂ?zl n"—s{l-mn“)nn [ (w}ﬂx, I n n=l n I
n=
’ nrx
(”’ﬂ‘}‘!—e’- Z --—(1¢m-u1l)oua-—‘—
a=l
2an
cos —
B =
(i) flz) 1+2.Z __L(mu)#“"“
18 0= o (s conx- 2o 2 Ghls mem

(i) fix) = %[3‘;’,“1’1} (iv) fx) = e, x> 0.

x

2.6. PROPERTIES OF FOURIER TRANSFORMS

1. Linearity Property. If Ffs) and Gfs) are Fourier transforms of fix) and g(x) respec.
tively, then
Flaf(x) + bg(x)] = aF(s) + bG(s)

where a and b are constants.
Proof. By definition of Fourier transform, we have

F(s) = F{fix)) = j: flx).e™ dx
and Gls) = Plgt)) = [_8(x). e dx
Floflx) + bgtx)] = [ _laf(x) + bg()] e*“dx

=af flx).edx 4 b[ glo).e*dx

= aF(s) + bG(s).
Cor. (i) If F,(s) and G,(s) are the Fourier sine transforms of flx) and g(x) respectively,

F lafix) + bg(x)] = aF (s) + bG,(s)
where a and & are constants.
(i) If F (s) and G,(s) are the Fourier cosine transform= -*2x) and g(x) respectively, thes

Fhﬂz)-&hg(.t}] = aF,(s) + G (s)
where a and b are constants.

FOURIER TRANSFORMS

e

75

2. Change of scale imilari
property (Similarity Theorem). If F(s) is the complex Fourier trans-

Fireon + 26(2). 0o,
Proof. By definition of complex Fourier transform, we have

F) =Flfol = [ fix). e g

(Anna 2008, 2007)

A1)
Flfax)] = _[_: flaz).e™™ gy

..(2)
Putting ax =t lie, :-i,wehavedxsﬁ,
a
When x — — <, ¢ — -« and when x — o, ¢ — o
From (2) we have
Fiflex) = [ fie)eima &
[ e 2
- dalak 1.(s
[ fweverar . ;p(ﬂ by 2)]
Cor. (i) If F (s) is the Fourier sine transform of f(x), then
F,[flax)] = lr,[iJ.
a a
(ii) If F (s) is the Fourier cosine transform of f(x), then
1 ]
F [flax)] = = E (;] ]
3. Shifting Property. If F(s) is the complex Fourier transform of f{x), then
Fif(x - a)] = e'**F(s). (Anna 2007)
Proof. By definition of complex Fourier transform, we have
F(s) = Fiflx)) = J— flx).e™ dx
Fifz-a)l = | flz-a)e™ dx A1)

Puttingx-a=¢t ie, x=a+! wehavedx=dt
Whenx 5 —o,t 35— and whenx — o, 5 =
From (1) we have

Fifix -a)] = J'_'_ f( e de = J: Ft).e" e dt

= ¢i% j: f(®).e* dt = ¢* Rs).
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2.8. CONVOLUTION THEOREM FOR FOURIER TRANSFO

= nmn" T:..':c:’"\‘f? DU 2007, 2008, Dec. 2010, Dec. 2011 K UK 2008, Dec. 201¢,
A < ‘ = ! ———

The Fourier transform of the contelution of f(x) and g(x) 1s equal to the product of the

» Fourie ans

yand g(x), 1Le.,
Flfix) * g(x)] = FIfx)]. Flg)] = FEGE).

nsform

Fourier transforms of fix

Proof. By defimition of Founer tra
F(s) = Flfix)] = J; flx).e™ dx,

(s) = Flew)] = J gix).e™ dx
and by defininon of convolution

fix) * gix) = r flu)gix —uldu

Flfix) * glx)] = I- [flx)* glx)) e dx

= J: I: ftuigtx—uldu:ie“'dx

- -

- J: ﬂwL-L glx-ule dxidu

(By changing the order of integration)

Puttingx -u =1 re. x=u+! wehave dx=dLl
When x = — =, § — —o and when x — =, | — =

Flfix) * g(x)] = J: flu.:g:_ gtr_le“"'"'dzjdu

= I: ﬂullpj: gttl,e""‘e‘“erdu

= [J: flu)e™ du]IJ: gitre* dr}

- fipe isx I isx ]
E U_-ﬂxle deU_ggixl.e de
= F[fix)] Fle(x)] = F(s) G(s)

Re
. mark. The following properties of convolut;
(0 fix) * gix) = B1x) * flu)
() o * (g * hix)] = fix =
it fix) * (gt + hix) =

on can be easily proved

gl * hix)
fix)* glx) + fix) = hix)

A TRANSFORMS
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2.9. RELATION BETWEEN FOURIER AND LAPLACE TRANSFORMS
st (P.T.U. 2005)
_Je¥git), t>0
If fit)= J 0. 1<0’ then F(fit)] = Ligit)).

Proof. By definition of Fourier transform, we have

FlAe) = J.l flre' dt

- f_o.e‘“ dt + LE"’gln.e“‘ dt [By def. of fit)]

N PP
= .[o e git)de
= L-e'”glrldt. where p = x - is
= Llg(n)].
2.10. PARSEVAL'S IDENTITY FOR FOURIER TRANSFORMS

If the Fourier transforms of fix) and g(x) are Fis) and Gis) respectively, then
(e) 2—1.[_: Fis) G(s)ds = J: fix) gix) dx

N e 2
(i) 21:L|F{S” ds_Dfml dx.

where bar stands for the complex conjugate.
Proof. (i) By definition of Fourier transform

F(s) = F{flx)) = r fix).e™ dx

and G(s) = Flgix)l = r glx). e™ dx
By inversion formula for Fourier transform
L -isz
= — Fis).e ds
fx 2n I—«-
and

1 ;
(x)=—| Gis).e™ds
g 21[.[:»

J: flx) glx)dx = J: fu){z_lu.[: Gls).e™ ds-j dx

1 e
= — (x)e'™ dx|ds
21[.[-G(SI[_-E-f x)e :l
(Changing the order of integration)

o ir Gis) [F(s) ds
2nd—=
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We have 3]"[4 } i I [-ﬂx] de o E ' 85
+8° 2a sin as a
= n Jo 3‘(02 +32) -[D Stx)d-!*'r g(:]dx
= _E r -ixdx
(4 +5%) =_[D = de+ [Ten 0dx
-4 1"
e 1 1 a
- =——(0-1== £ :
[—4L 4 4 =|==| +0m-2(* -Dyali-c*H
a 0 a a
- d’ n i .
= T sin as n
L (4+8°)% 32 = -'U s(a“s"‘)dhﬁiu_e-‘:}
dt n sin at n 2
—_— e, dt = (1-¢™).
(4+2%)7 32 -[c-:(a*n’) v - anl il

(iv) Using Parseval’s identity for Fourier sine transform, i.e.,

2 -
;L (G,(s)? ds = j: [g(x)? dx

2
We have 2 8 _ " -3x2
_ RJ:[SM,] ds=[ () dx o
2 32 -
= Lo (o S N -2
n-L @07 J:: o »
B 1 1
=E|l—] ===(0-1)=—
[-6 ’ g ey
=5 J.__i,._ds=i
o (9+s°)? 12
t? mn
J:mu“)* =
Example 2. Using Parseval’s identity, prove that
J" sin at L AR ot
o ta®+1t?) 2a2”_e ).
O<x<a
Sol. Let fx)=e*, a>0 and g(.t)={(]]"' g

sin as

F(s)= P g - and G(s) =

Using Parseval’s identity for Founer cosine transforms, Le.,

= L‘ F(9)G,()ds = [ f(x) gx) dx

e ()L

Example 3. Find the Fourier transform of

I-|x|, |x|<1
ﬁ‘“{ 0 |x|>1

hence find the value of j' ot (M.D.U., Dec. 2010)

Sol. Fourier transform of flx) is given by
Fifi) = [ fixe™ de
- jﬁif (x)e'™ dx + r (x) €™ dx + j “flx) e dx
L L :
=I'10dx+r(1-|x|)e‘“dx+j"0dz
— -1 b
1
=Il{1-|x|)(msn+isinu)dx
1 1
=I_l(l—|x|)coaszdx+J_1(1-Ir|)(isi.nm:)dx
1
=2L(1—|:|)mssrdx +0
[+ (1-]x|)cossx is an even function of x where as (1 - | x |)
sin sx is an odd function of x]

=2I:(1_;}msxdx [+ |x|=x wherex>0|

=2[(1-:).’i';‘“ -(—1)[-
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s, 1] f1ome) g,
-EL 2 8 \ s
Using Parseval s identity for Founer transform
1 2gs=[ 1f0? dx
fo EE.E-!FISH ds Llfrl
We have
1 4(1- cos s)° 1 2
—| =—/———ds=| 1-|x|)"dx
2!:1:- st 'L
= 2 '“_c‘:‘id I (1-|xP?dx
nd= g
4~ (1-coss)’ 1 2
= EEERTE Y -|x|)* dx
= [ —as=2f a-ix
(-~ Both integrands are even functiong)
= 2 2 1
= AR gee2f a-xtds
ndo 8
16 (= sin* 5/2 fa-0°7 2
= -'-I —_—ds =2 - =
nJo st [ - 3
Putting ; ={ iLe,s =2t we have
16 [~ sin*
M rEs gl
nJo 16¢* 3
o
sin® ¢ n
= =<
J: X dt 3
EXERCISE 2.3

L Verify convolution theorem for f(x) = gl =
2. Using Parseval's identities, prove that

dx n
m-’:u AT Y (9 r de= 2.
(x +IJ 4

[Hint. Use Parseval's 1dentity for Fourier sine and cosine transforms of fix) =
3. Using Parseval's identity, show that L. dt X
@+ 07+ ¢?) " 2ablas B

I costne transforms of f(x) = g~or 8(x) = ebv)

=e¥)

[Hint. Use Parseval's identst y for Fourte

(M.D.U. May 2011)

(M.D.U. 2005)

FOURIER TRANSFORMS

" lfﬂ.ﬂ=“; |x|<a 2 sin

2
|x|>q and Fls) = (s 2 0), then prmfelhalJ_ g 2“
0 x
5. Using Parseval's idemity. prove that
2od
sin” x -
) dx == ' 1- cos 2x
( j:‘—i—r 2 mlD—T—vdx_-_n

6. Using Parseval's identity, prove that

2
mj_[l_mx] dx==
o \ x 2

2.11. FOURIER TRANSFORMS OF THE DERIVATIVES OF A FUNCTION

The Fourier transform of the function u(x, ¢} is given by
Flutx, )] = r ue™ dx

(i) Fourier transform of %’

Suppose u — 0 as x — t e, then the Fourier transform of O is given by

dx
2L e
= [e‘" .u]:—J: ise"™ |udx

=0-is I:u.e“"dx i

=—1i5 Flu)

. H
ence F rg is F(u).

5, dtu
(ii) Fourier transform of ~ "
all

Suppose u and %—» 0 as x = t o, then the Fourier transform of

ai‘u d“u isx isx aZu
o] [ e[ o= Sta

(Integrating by parts)

u—0asx —

2
R
— is given by

ox

{Applying general rule of integration by parts)

e {e““ a_"_ ;se | +lls)2 j

dx e

™ udx
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'luu‘l

Fourier transforms are very useful in solvin bo \
’ ' 8 boundary value prob],

tnnuforu} of the given partial differential equation using given boungar:y :::i-nwih?:ab[ F%‘s.,

The required solution is then obtained by taking corresponding inv cond;

' erse t iting
of particular transform to be employed depends on the boundary cond?ﬁ:r;ffort:;:h Chai

(¢) If the interval is - = < x < o and if boundary conditions are l'ob[.,l

u and —g%—po asx -t e

use infinite Fourier transform.
(i) If the interval is 0 < x < e and

i du
(@) boundary conditions are u and * —0asx— e and u(x, t) = 0 or At) atx =0 andf,

all ¢, use Fourier sine transform.
(6) bound iti Ou O
ary conditions are u and = — 0 as x — = and 3 =0orAt)at x = 0 and f
all ¢, use Fourier cosine transform.

For the interval 0 < x < o, we always assume u and g% — 0 as x — o9, even if it is n;

given in the problem.
(24¢) If the interval is 0 < x < L and

(a) boundary conditions are (0, t) = u(L, t) = 0 for all ¢, use finite Fourier sine tram
form.

(6) boundary conditions are T (0,8 = éx—(L. t) = 0 for all ¢, use finite Fourier cosin:

transform.

ILLUSTRATIVE EXAMPLES

. o2
Example 1. Solve the equation %:ﬁ,:>0, E»0

subject to the conditions
1, O<x<l

{u)uz{o’ r>1 whent=0

(i)u=0 whenx=01t>0

and (iii) u(, t) is bounded.
ou 3
Sol. Given £=~&F.x>0.t>0

Boundary condition is u(0, £) = 0

A

AIER TRANSFORMS 9
—

bars 0
Initial conditions are u(x, 0) = {3: :;‘f 1 A2

and ulx, t) is bounded.
Since (0, ¢) is given, we take Fourier sine transform of both sides of (1). Thus

du %u
5 (%) ‘F'[arz]
f-—a" sin sx dx = f-—asu sin sx dx_Integrating by parts
= 3 pw; . g by

d . . a_u"_ a_u
= Efasmudx:{smsx.&l‘ L‘seossx.ax.dx

v o | A — L W

du
=0—8L- —.dx
Cos sx =

[~ ulx, t) is bounded

e e

=-s[0+s_|:uin.;zdx] i

[+ whenx—o,u — 0and when x =0, u = u(0, t) =0]

a_“_,o when x — =]
dx

- %L-usinsrdt =—32J;-usi.nsxdx

= % =- 82!7, where &, = (s, t) = F, [ulx, )]
Separating the variables, |
t.f_i, e 82& |
Uy
Integrating log @, =—s% +loge |
1
= ]oge(z‘-] =-3% or I, = ce " w(3)
¢
Putting ¢ = 0 in (3),

c=,(s,0=F, [ulx,0) = J:u(x. 0) sin sx dx

1
=Ju[x,0)sinsxdx+ru(:,0)sinsxdx
) 1
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) 11 ginsxd""‘ro"i“”d‘ lfro et e
=Lt ' " kv =
1 = gl | =KV, K [ Vi ar gy
[ coaax] _ 1-coss = 0
" s o 08 = =KsV, -
dt o - Ks? V e
~co88) st dv, where V, = V,(s, ) = F,Viz, 0]
From (3), (S-tl=[ ]e" = 2 TV =KV,
Taking its inverse Fourier sine transform, we get which is a linear differential equation.
2 1-cos88) st _: LF. = ejm’d' a Ka®t
ulx, t) = ;‘-J:[—-?-—-]e sin sx ds Its solution is o
which is the required solution. A I KsVy. e g 4 o
Example 2. Solve ;—-K;V forx>0,t>0 under the boundary conditions V:v — Kot
= 0 2 +C
hen x = 0, ¢ > 0 and the initial condition V = 0 when t = 0, x> 0. Ks
v __ PV = V, =g ekt
Sol. Given Ta—_K——. x>0,t>0 L1 L] .43)
Putting £ = 0in (3 v V.,
Boundary condition is V{0, £) = V,t>0 - = in (3), we have V, (s,0) = To +e
Initial condition is Vix,0=0, x>0 (2 s Yo% v
Since V(0, ¢) is given, we take Fourier sine transform of both gides of (1). Thus Rt 8 +V, (5,00 =~ -f- +F, [V(x, 0)]
V,
JV - azv = - ‘-'?—1- 08'
F'(aT)"F'(KaT} s J: el (from (2)]
2 -
= r-%“{sinsxd:::!{f—a—‘:—sinsrdx. Integrating by parts - v ’
' ke From (3), V, (5,00 =2 (1- ")
2 ierinsxd.t=K si.nsx.gx —J-scossx.?-v—dx Taking its inverse Fourier sine transform, we get
dt Jo ax Jo J0 dx 2=V, 2
Vix, t) = ;L To(l B ") sin sx ds
av av
=K|0- — + —=—0 wh -
R e
=_Kchom.v} -J:—ssins:r.Vd.rj o [ o
0 i o e _ [*sinsx n
n [2 J: s smsa:ds] [ Ju o =E]

=-—Ks{.v’0 +5J:Vsinsxd'xJ

[+ whenz e, V- 0 and whenx = 0, V = V(0, =W

~Ks't
Vix, )=V, 1——J-——-smsrds]

or

which is the required solution.
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Example 3 The lamperature u &8 & 875 e ety 9B 1 ko', = by
== e =
e .. jtions: ot
differential equation %% =k 5;—,— subject to the conditio which is 2 linear differential equation.
(i) u=0uwhent =020 LF. = el 4 _
Its solution i
(ii ?-u-=-}1(ncan8tanl)wh£n¢=a““d”o' S
oz u eh’t =J. k e eh’l
Determine the temperature formula. A e d"t+c=kﬂ-—k—f+c
]
du_, % - .
Sol. Given 3?45;._’ " o - s%+c€ - ~(3)
P Putting ¢t = 0 in (3), we have
ition i —=-p,whenx=0,t>0
Boundary condition 18 = E,(s,0)=-'%+c
Initial condition is u(x, 0) =0 ' Y L
. -—.}.‘_ u =
s.-m% at x = 0 is given, we take Fourier cosine transform of both sides of (1). Thy - G +“=<8'0>--.%+F,{u(x.un
o
n(2)-ns24) b [omms o
- =-—}‘—-
= L‘?y—coss:dx=kra—2:mudx. Integrating by parts ’
5 A From 3), T(s,)=4(1-¢*)
s
= %Kumuﬁ:k[{mu.%} -L-—ssinmc.%-dt] Taking jts inverse Fourier onel LB W [pet
0 2
a u(x.t)=;£:—2(l—e"‘z’)msxds
=k[0-(—uJ+s sinsx—u-dx}
«E dox or u&")=%£3§i§(1_e-hh)d‘
[ %_}0 e a.nd%= - Whenx:DI which is the required solution.
’ Example 4. If the initial temperature of an infinite bar is given by
" T _[80 forlxI<a
k[u+s{smsx.uo} L-sooasx'udx] G(x)-{a for|x|>a’
determine the temperature at any instant x and at any instant t. (M.D.U. 2006)

Sol. To determine the temperature 6(x, t), we have to solve the one-dimensional heat-

=k[11+s{0—sj:scossx.udx] flow equation
| 5 u—)ﬂwhenx-i" %:c —, t>0

8, for|x|<a

d 2
= af“mnth::&u-ksﬂj;ucossxdr
subject to the initial condition 6(1,0)={o for|x|>a

dz,
> — < =hu - ks’g,

= where z, =iz, (s,¢) = F, [u(x, )]

-..(1)

(2)
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Taking Fourier ir 2 . Example 5. Use the method of Fourier . .
B o gt [ e s " gn infinite 8¢ring, given that the string is initially ot rony ctermine the displacement y(s, ) of
T -3’ fla), C =S x < w). rest and that the initial displacement is
2 [ o dr= ("0 Sol. The equation for the vibration of the string is
or dt J-= B %y _ 2%y
d8 _ _ 2,25 where 6 = 8(s,t) = FI6(x, 1) o at Tt D)
or dt b subject to the initial conditions
Now taking the Fourier transform of (2), we get ( W J
isx a vy = —
Bs,0)= [ 6lx 0o dx=[ 8™ dx=6o — B iy ™0 WL ok, D flx) (2)
8(s,0)= R —a s | Taking Fourier transform of (1), we get
[ —g7i% 20 Ein-e_i” ﬁ_ca( o235
=9or 2 ]z__s_o{ 2;'_ de2 ° y) where ¥ = Fly(x, ¢)]
'Y ya
B 2. sin sa i or ?— +c8°y = 0
= s ¥ Its solution is ¥ = A cos cst + B sin cst A3
de - where A, B are constants.
From (3), it dt Now taking Fourier transform of (2), we get
Integratinglog § =—cls% +log A or 8 = Ae™*" g =0 and 7 =F(s) whent=0
- . -~ . - 0
Since 8 = Spysingg when ¢ = 0, from (4), we get A = ol T ™ F{S)_m S e ko= i)
s 8 dy X
30 Also ¥=-csAamcst+csBcoscsr
= e-{ a
H Is:.l“- t= 0 Q =0 -
Taking its inverse Fourier transform, we get e - T e o By
1 = 268, sinas 2 o y = F(s) cos cst
B(x, t) = = _“-Ls—.e" ot gux go Taking inverse Fourier transform, we get
i _ il e
=_‘:t_o T siu-t_"’ﬁ(msxs—isinxs)ds ylx, t) = 2“£F[s)mcst.e dx
- ' " 1 oo ek.‘ + e-iﬂl o
=e?"[-r —s“;as‘e""z' cus:sd.s—:’J- L sinxsds] 2“'[*'1?(8}[ 2 ].e =
——a — s
1 = =r;
8 (- sinas =— [ [Fls)e™=~ + F(s)e™=* ] dx
'_:'J: e " cos x5 ds 4“'[" r
1 " _ —isx
(The second integral vanishes since its integrand is an odd functicd =§W“d“ﬂx+c”] 5 ﬂx)‘in']: Elhe dx]
- 28y J-- sinas ., 8, [~ ot Example 6. Use ihe complex form of Fourier transform to show that
5k cos xsds=— . 2 8in as cos xs ds gt
n s i _fx-af
- ggre_ta.:, {sin (@ + x)s + sin (a - x)sts u= % J:.ffu,le # du
n Jo 3 )
which is the required solution, . is the solution of the boundary value problem
2
3—:=g—x-‘,i,_'u<x<m,::o; u = fix) when t = 0.
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L’__,/J——/f i
o o - Taking its inverse Fourier transform, we get
A2

ax u
0) = fix)
both sides of (1)

Sol. Given
Iniﬁ,]eondjﬁﬂni!uul
Taking Fourier transform of
2
A s g [ OH gie dy
L5 di= 5

- . DN
; i OU copitt 2 dy
_d- wdx:[s“’-_—] - ise "
er:"e 0% ] ‘[' ox
du 1
{ —20a8x9ta

=
du o
=0-is f_e"’ -gdx |
= -is[{ei‘“.u}: —J:.a'.se'-" .ndx]
=—ix[0~isruei“dx] [ u—o0asx— i
-‘-i—jﬁue"'d:=£232 ue™ dx
i dtd— -
=5 eindpgps 73
= a4 _ _ i
u LY
Integrating logig =-s%+loge
= z=ce 8
Putting =0, a(s,0)=c
c=iils0)= j" u(z, 0) e dx
= I- f(x) B‘iudt [ﬁ'm (2}'
on®, 7o [ fieeds
[by changing the variable x to )

= [ flwe™ du

ulx, t) = él;- j:[e"" j:f(ulei“‘du]e"“dx
= -211':- j:‘[:e":'f(u)e"" ™ du ds
= —21; J-_:J:e"ﬂ'f(u)e"'""‘" dsdu

= 2_11[[.."(“} -_[:, i ¥teis (-x) ds:l i

= %j:f(u)-j:_ e_'['zm(x‘;!]] d’sj{du

s The o BTk

- -21; [ ra|[” e-‘[

L

T Neentd Ete_al
33+2'_:!3ﬂu_l'a_(3;l -l t:;]‘]
ds|du

(x -u)

[t ds]d.,.

(x=u?

FJ:e-.[...%;ﬁ]' o d,,] du

= %J:f(u)

4e

= [ fare 3 [[_ sl ds} .

&

Put Jt_[s-i-ixz_tu] =y, then [ ds=dy or ds=

. (x-u)‘

1 (- -y dy
u(z,t}=h—nj__f(u).e b U:_e ﬁ]du

1~ fw eJ;'%l‘ o [ [[eray= J;]

2nd=
(x-u)?

= ——2‘}:]‘;{(&)&7 du.
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nti : \'4
. equation — _ 9V
uitable transforms, solve the differe ial eq - <

By
=9=V(u,tlandex.

Example 7. Using s '
= 0) = V, constant.

‘.‘zowkgﬂ V(o; ”
WV _ BV crsnt20 ol

0sx s

Sol. Given ~garT L
Boundary conditions are v(0,¢) = 0=V(m, t)
Vix, 0=V, %

Initial condition is

the interval 0 < x <7 is finite and V(0, ) and V(=, t) are given, we use B,

Since
Fourier sine transform.
Let V. (n,#) denote finite Fourier sine transform of Vix, t), then
i () g - [ Vi, ) sin nx dx
V,(n0 = L V(x, t) sin [—n—)dx -L V(x, t)sin
Taking finite Fourier sine transform of both sides of (1), we have
"3V . "%V .
—— dx = —_— nxa':
j; % nx _L ™) sin
d v . V] WV »
= d—f-}; annxdt-[smm:.ax]o Enmsnx.at
" Vv
=O—nlL cosnx.—a?dx
K n
=-n (cosnx.V} —J; —nsin nx. Vdx
0
=-n[0+nI:Vsinnxdx] [ V=0atx=0and
- _c_i_.rv - Bl :V . o
i A sinnxdx=-n J; sin nx
&V, .-
" w
dv,
- —i}:’-=-—uzdl
Iﬂmhng! 10‘ “7'=_n3t+logc
-n¥ |

Y

me&ﬂ TRANSFORMS
et S
Putting ¢ = 0in (3),

=V B
¢ -{R.UI—L Vix, 0) sin nx dy

zju V sin nx dx

=V, _munx" V,
u[ L ]ozfll-mnﬂ
v,
=—L01-(-0"
n

From (3), V. (n,t)= -&- [1-(-1"]en"
n

Taking its inverse finite Fourier sine transform, we get

2 =
V{I,ﬂa;Z V. (n, 1) sin nx

n=]

- Vi
Y, 21— (1" e™ sinne

=l

Al

2V, - 1 ,
= E —(2)e™" sin nx
¥ Garay.n

a0
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[from (2)]

[+ 1-(-1)"=0forn=2,4,6,..]

% Vi, 8) = aty j 3 L e gin nx

% ast3s?

which is the required solution.

Example 8. Using finite Fourier transform, find the solution of the wave equation

u(x, 0) = 3 sin x + 4 sin 4x
(%, 0)= 0 }for0¢x<ﬂ

(1)

a® g
'5‘;=a9$- subject to the conditions :
u@ t)=uMmt)=0t>0
u(x,0)=3sinx+4sindx and u,(x,ﬂ):ﬂforﬁcxcn,
2 2
Sol. Given %ﬁﬂlz%, 0<x<m,t>0
and u(0, ) = u(m, £)=0,t>0

-(2)
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m i mdmmof{l)swehaw

Taking finite Fourier si0®
sa’u 3 n.;d.t
‘a! R = 2 _..—-ﬂn
__’;.smntd‘ o P

o ot

du
. du ’__ lncw’u_-—-—dt]
< :; -gm'nnxd.t-.-a’{{smn-t--"a:}n L ox

n d
,as[g_nLcosanEdf]

- o] - [-nsmres]

0

—— ",

’FC}LELE_..———WSFDRMS
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Forn=1,

=§[sin(n-1)x_sin(n+l}: .+2 sin(n-4)x sin(n+4)x
2 n-1 n+1 n-4  n+4d o

=0exceptforn=1andn =4
¢, =% (,0) = [ utx, 0) sin x dx
=
.me;umwm:a
=3Esin“:dx+2£ 2 sin 4x sin xdx

1- cos2x "
= 3]’:de+2]0 {cos 3x ~ o8 5x) dx

3 sin 2x sin3x sin 5x 3
'2[" 2 I”[ e I=§“

Forn=4, ¢,=% (n0)= [ u(x,0)sin4x de

"
=§r(no33::-msﬁx)dx+4j 1-ombe &
2J 4 2
- . x - n
‘__ﬁ[smax_amﬁx] +2[x_sln8:r.] i
1 5 o ?
- % for n=1
¥ 2n for n=4
Again from (3), %‘-=—clansincmt+czancosun:
oz, du du,
i = — * whent=0,—=0 .. —2=0fort=0
Putting £ = 0, % 0 [ when = =

=J: (3 sin x + 4 sin 4x) sin 4x dx

3
aEE2sin4:sinxdz+4J: sk i

=_Bzu[0+nrusinmdz] [ w0, t) = ulm, 1)
0
=—a”n2£usmudx
25 a
= %";-m’n’ri.-o -
where &, =i, (n, r)=L'u(x.sz(%Jdr=j:u (x, t) sin nx dx
AE. isD?+a*n®=0 = D=tian
- i, = ¢, cos ant + ¢, sin ant W
Putz=0in(3), &z, 0)=c,
R
=3 clsi(n,()}sj;u(,t,ﬂ)sinnrdx
=_':(3sinx+4sin4x}sinnxd.x [from (2
=3fainmsinxdx+4j;'sinnxsin4xdx
3 )
=EL2ﬂﬂﬂx3m1d1+2f2sinnxsin4;dx
3 n 2
'EJ; [m(n-l)x—ms(n+l)x]dx+2L[ow(n_gz
~cos (n +4)4¢

where cl-i“-fotn=l and

O=c,an = ¢c,=0
(3) reduces to &, = ¢, cos and

2 cl=21tforn=4
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we have
Taking inverse finite Fourier sine transform of (4),
= - ¢, cos ant sin nx
utx,nz-—zlu dn.t?smm: zl 1
2 {3—ﬂcosat sin x + 2 cos 4 at sin 4x
== 2
nl (forn=1 (forn=4) |
or u{x.!>=3cma:smx+4oos4atsinb:

which is the required solution.
2
Example 9. Using finite Fourter transform, solve %% = _‘;;i;- subject to the conditions,

(aiuxfo.r)'=u'|"6.f)=0. 0<x<6 t>0
0<x<86.

(b)uix, 0)=x(6-x),
Sol. Since the boundary conditions are u, (0, £} = u, (6, 0) = 0, we take finite Fouri,

cosine transform.
Let @, (n, t) denote finite Fourier cosine transform of u(x, t), then

u, ln.tl=_r ut.r.t)ws[n—n—x-]dr [ L=g
0 6
Taking finite Fourier cosine transform of both sides of the given equation 9% ou _ 9 L
o n

€ du 6 32
we get am%dxi'; gx—gcos%dx

6 L™ 858 6 6 o
” du 1

o (P ane du, [ du ,

6 Jo 6 axdx e =0 at x=0 and x=6

6
= idi‘__ n?.nz
dt _-_36_“1'
= E__z_ nin?
7 3 %
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—
[ntegrating log 7, =~ 2%
gr » U, = 36 t+log A where A = A(n)
st _a'n!
=2 i =Ae % = Glnti=Alnje * ? et
Putting t =0, z_(n, 0)=Aln)
Aln) = u_ (n, 0) = finite Fourier cosine transform of u (x, 0)
ru(x 0) cos —dx J x(6 — x) cos —d.t (2)
6
sin n;x i - sin nm;‘l
=|6x-x - (6-2x) 8 2. $
. ( m'l:‘l [ nn ‘ |
6 ) 6 Ju
2 2
=—6.[—6—] wsnn—&.[ﬁ-}
nn nn)
- 216 i
==- uEﬂZ {1 + cos nm)
. B AE,
From (1), U:=*w{1+wsnme 3 .(3)
To find inverse finite Fourier cosine transform, we need z_ (0, t).
From (1), &, (0,2) = A(0)
From (2), A(0)= (0, 0)
3’
g % |
= j:x(ﬁ—x)dx=[3x _E.
A
=108-72=36
i, (0, ) = 36
Taking inverse finite Fourier cosine transform of (3), we have
1 - nmnx
u(x.ﬂ=-I: u (0,0 + -]:nz_:‘ur(n.ncus T
1 g By T s M
-_--61361+6":‘ . 7 +cosnnl e 6
[+ L=6]
72 < 1+ cosnan TR
- —— . N FOA—
or ulx, t)=6-— zl n? 6

n=

which is the required solution.
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EXERCISE 2.4 — Q\\
1. Solve the partial differential equation
: 2
f£=2i_u._x>0.f>0
x  oxt
subject to the following conditions: ) ulx, 0) = e, x>0
(alul0,)=0,t>0 ;
d (M.D.U. Dec. 2005, Dee.
tc)uand'.df ~+0asx - 2005,
u _ du i ditions:
2. Solve the equation ;u a2 i 0, ¢t >0 where ul(x, ?) satisfies the conditi
. ¥, 0sx<1
ta:[gf] =0,t>0 '-b‘“‘x-"“{o. x>1
x=p
(e} |ulx,t) | <M. 2 0
3. The initial temperature along the length of an infinite bar is given by
2, |x|<1
utr‘[}i:{o. |-"|>1
. u A%
If the temperature uix, t) satisfies the equation % = rE de <x <o, t>0, find the temperatyr
at any point of the bar at any time ¢. (M.D.U. Dec. 2005
4. Determine the distribution of temperature in the semi-infinite medium x > 0, when the end x=(
is maintained at zero temperature and the initial distribution of temperature is flx).
5. {a) If the flow of heat is linear so that the variation of 0 (temperature) with z and ¥ may be

6.

7.

Use finite Fourier transform to solve ?ﬁ = u
ot

neglected and if it is assumed that no heat is generated in the medium, then solve the differ-
ential equation
#®_,%
T
by using Fourier transform, where - « < x <o and 0 = fix)
when ¢ = 0, fix) being a function of x.
(b) If the initial temperature of an infinite bar is given by

J1, for-c<x<c

plx, 0) = |0, otherwise

determine the temperature of the infinite bar at any point x and at any time £ > 0.

(U.P.T.U. 2005

. du %
Solve the equation X Py 0<x<mt>0subject to the conditions

m:mtx,OI-.-l_‘(}c:x-cr: Ib)uEO.H=uln‘tJ=0r>0
using appropriate Fourier transform. ‘
F given that

u(0, H:O.um.ﬂ:o_m;_m=3,.0,(xﬁt t>0
Ll g
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8. Use finite Fourier transform o solve
du 9%y
o R 3.0<xeyq t>0
o : {Rajasthan 2006)
subject to the conditions
sy, st 6)u(0,0=ut4,0)=0,¢50.
du _ o
9. Solve 57 =277.0<x <6 2> 0 subject to the conditions
[g)u{ﬂ,“:u[ﬁ,”:ﬂ,!>0 'th{x’Oéz-‘!l' Dexel
0, 3<x<6’
% 4 %
10. Solve 52* =4 given
(@)D, t)=uln,)=0 fort>0 b)ulx, 0)= I_:J_ Sinx+ ﬁ sin 4x
(c)u, lx, 0)=0 forO0cxen
u  u ;
11. Solve -_r-i-—:?, 0 <x <6, ¢t >0 subject to conditions u (0,8)=u, (6,¢)=0, uix, 0) = 2z
12. Solve by using finite Fourier transform
Pu o
—=9—,0<x52
i
subject to the conditions:
w0, t)=u (2,0) =0, ulx, 0) = xi2 - x) and u, (x, 0) = 0.
Answers
1 u )= -~ 28_281‘3in8:\'.d3
mJdo 1+s
2. ulx,t)= Er(“i““ o 1][“" cos sxds
n Jo s
21" - sintl+x}s+sinll-:ls]d
== s
3. ulx,t)= = jat’ [ =
4 ulx, = -?; L-f, (s) €™ sin ex ds wheref. (s) = F, [fix)]
5. (@6(x= -2L r fis) Pk '™ ds, where f(s) = Ffix)]
R J -
1 (=2 Wt i Y i o i
3 ~k3C goiex 1 + -x)slds
(b}u{x,tl=-2-; _m.;gmcse L ds:;.[n = [sin{c+x)s+sinlc-x
- )
- 4 ¥ -l 2
8 uinalY Lo gt T S sans
n

= T oa=135
n=1



‘e — ey
408 - knlet
16 (= el - Raeh

ﬂ-u'r-“r,}'z ¢ ' sinMm

3
el | arl AE e
=1 s10 = Ay
% ul.‘.’.“:"zin " ;
o
n:xzt
\ o= . AT
2 Uy _’l’.t.].a 36 gin—
o unt=T 2 | 1-3 6
n=1 _ .
24 (-pr - Tt
! i "=6*‘_Z ———g. 8
1 1 cos 8¢ sin 4x 11. ulx, 2 3 -
10 uq,_:.s—ﬁmsitsmx+lw . | a ?
16 <« 1-cosnx 3nmt mmu.
12. ulx, t)=—3 __-—-_n] c08 3 sin =~
L a=1
TEGRAL
2.14. FOURIER TRANSFORM OF AN INTE
—

Theorem. Let fit) be piecewise continuous on every interval (- /, /] and r ol

converge. Let F[fit)] = F(s) and Fls) satisties F(0) = 0. Then
FU ﬂT)dT] - els F(s)

2.15. FOURIER TRANSFORM OF DIRAC-DELTA FUNCTION

Dirac-delta function (or unit impulse function) 8(t — a) is defined as

8t -a)= lim 3,(t - a) where

(0, fort<a
A 1(t)

1
§,(t-a)= ;.fnra <t<a+k
|0, fortza +k

F{S(t—a]}:f 3t — ae™ dt 1K .f_'_*’
acliiey [P E i
-ihfll) A Zem‘ df ! : : :
o . a+k
o lim 21 " .
kok| s
=ﬁmu_lm ; e“‘*—l)
L) isk e ok J



